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INTRODUCTION

It has been shown in several papers [2, 3, 7, 8] that Boolean methods are
useful for the construction of bivariate (and trivariate) interpolation schemes
which are of importance in the finite element method. Our objective in this
paper is to treat (for arbitrary d € N) a class of d-variate polynomial
Lagrange interpolation schemes (including interpolation on d-simplices)
which can be constructed by means of Boolean methods. In particular we
present a simple representation formula for the projector of d-variate
Boolean interpolation. Based on this formula explicit expressions for the
fundamental functions of d-variate Boolean interpolation are derived.

1. d-VARIATE TENSOR PRODUCT INTERPOLATION

We begin by considering a rectangular domain

D =laj, af[ X -+ X Jag, aj[ = R%

we denote by C(D) the algebra of real valued continuous functions of d
independent variables x, ..., x, defined on D.
Next we consider d injective real sequences

(xi.u)ieN (u = L, d)
satisfying

(xiy 1500 X1 ,0) € D

({,EN; u=1,.,d).
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Furthermore we assume that there are d strictly increasing functions from N
to N:

a,(m) < a,(m+ 1), a,(myeN
(meN, u=L,..,4d).

Next we define the functions ", :

a,(m)
f;r.lu(xl sesey xd) = l—I (xu - xk.u)/(xi.u - xk.u)
k=1

k#i

(i=1,.,a,(m); mEN; u=1,.,4d).

The functions f{’, are d-variate extensions of univariate fundamental
Lagrange polynomials. Note that

STu X senes Xy ey Xg) = Oy

G, j=1.,a,m)u=1,.d; meN). (1.1)

Now we define d-variate extensions of univariate Lagrapge interpolation
operators:

a,(m)

PT()X) y00es Xg) = 2 SO s Xy yyeens Xg) [ 10X ey X )

i=1
(meN; u=1,.,4d). (1.2)
It is easily seen that the linear operator
P} € L(C(D))
is also a projector:
PIP} =PV (meN; u=1,..,4d). (1.3)
Also the projectors P}, P, commute:
Py Py=PLPy (mne€N;uv=1,.4d). (1.4)
Therefore
P={PrmeN, u=l,.,d} (1.5)

is a set of commuting projectors on C(D).
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It has been shown [4, 5] that there is a (maximal) Boolean algebra P” of
projectors in L(C(D)) containing the set P. We briefly recall the
construction of P”.

First we introduce the set

P’={Q € L(C(D)): Q*=Q, QP=PQ (PEP)}. (1.6)
Obviously, we have
PcP,
0,I€ P,
QeEP' =>Q=I-Q€P.

But generally P’ is not closed with respect to the operator product. Therefore
we introduce the smaller set

P"={PEP'": PQ=QP (Q€ P} (.7
P possesses the following properties:
PcP’"cP
PEP"=>PEP; (1.8)
P,P,eP"=>P P,=P,P EP"

(P, <) is a complemented distributive lattice (i.e., a Boolean algebra) with
respect to the order relation

P, P,<>P,P =P, (P,,P,e P"). (1.9)

In particular we have
inf{P,, P,} =P, P, E P”, (1.10)
sup{P,,P,}=P, +P,— P P,=P ®P,€P" (1.11)

P, ® P, is called the Boolean sum of P, P,.
Next we consider special projections in P”. By construction we have

Toy...my=P7" - PGeEP".
T.,,...m, 18 the projector of d-variate polynomial tensor product interpolation;
it possesses the simple representation

a(m) amy d

Tpiooom ()= 2 oo 3 fO e Xia) ]jl . (1.12)

=1 Ig=1
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The interpolation properties are described by

T,,.. -md(f)(le,l""’ xj,,,d) = f(x; pees Xj o)
(ju= Lwa,m,); u=1,..,d). (1.13)

The range Im(T,, ..., ) of T, ..., is a d-variate polynomial tensor product
space of dimension a,(m,) --- a,(m,):

Im(T,,,...,,)=span{x}' - xg k,=0,...,a,(m,)— 1; u= 1,..,d}

=: PZ (1.14)

aj(m)—1,..., aglmg—1*

2. d-VARIATE BOOLEAN INTERPOLATION

In this section we shall use the concept of Boolean sum of commuting
projectors to construct d-variate interpolation schemes for distributions of
interpolation points having a more complex structure than those of the tensor
product schemes.

We assume that

gEN, d

N
<

Then the operator
Bq.d: @ Tml---md
mpt.-+my=q

is an element of the Boolean algebra P” of projectors constructed in
Section 1. We will call B, , the projector of d-variate Boolean interpolation.
The interpolation properties of the interpolation scheme defined by B, , are
described in the following Proposition 1.

PROPOSITION 1. Suppose that f € C(D). Then
Bq,d(f)(xj,,x ey xj,,.d) =f(xi,,l Rl xjd-d)
(,=Llewa,m);u=l..,dsm + - +my=gq) (2.1)

i.e., the set of interpolation points of B, , is the union of the sets of inter-
polation points of T,, ..., withm, + .- + my=gq.

Proof. It follows from the lattice-theoretical construction of B, , that

Tml"-md<Bq,d (ml+"'+md=q)’
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i.e., we have

Tm Bq,d=Tm|---md (m1+ ot +md=q). (2.2)

ooy
Using (1.13) and (2.2) we can conclude

f(le.la'"9 x}'dvd) = Tml' . '”‘d(f.)(le'l e xj"'d)
= Ty mBasdl )1 %7 )
= Bq,d(‘f)(xjpl LA xfd-d)

which completes the proof of Proposition 1.
The range Im(B,, ;) of B, , (i.e., the invariance set of B, , [1]) is described
in Proposition 2.

PROPOSITION 2. The invariance set of B, , is given by

V,q=Im(B,,)

q
=span{xkt ... xk: k, =0,.,a,(m,)— Lu=l,..,dym + - + my=gq}
= b pd

Al a(m)—1,..., agfmp—1°
mi+ - tmg=q

(2.3)

Proof. Note first that for any two commuting projectors P,, P, € P” the
relation

Im(P, ® P,) =Im(P,) + Im(P,)
is true. Taking into account (1.14) and the definition of B, , we obtain

Im(Bq'd) = v Im(Tml vee md)

L
myt.. o +my=q

= > span{x)t «-« xJf: j, =0,..,a,(m,) — l;u=1,....d}

my+---+my=q

span{x}1 ... xX k, = 0,..., a,(m,) — 1;

u=1l..,dim + - +m,=q},

1.e., we have

Vq,d = Z P:,(ml)—l ..... agimg —1° (24)

my+---+rmy=q
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This completes the proof of Proposition 2. We consider a simple but
instructive example. Suppose that

X =1 (EN; u=l,.,d),
a,(m)=m (meN; u=1,.,4d), (2.5)
D =R¢

Then the invariance set V, , of B, , is the linear space of “complete”
polynomials of degree { ¢ — d:

— d
Vq.d_ S [Dml—l ..... my—1
my+. s tmy=q

=span{x{' .- xk: k, =0,.om, — LLu=lL..,dsm, + - + my=q)
=P, 44 (2.6)

The interpolant B, ,(f) of f possesses the following interpolation properties:

By s Jvsres Ja) = S(i1ses Ja)
(Guy=leom u=1.,d,m+--+my;=q). (2.7)

Thus, B, , (with (2.5)) is the projector of cardinal polynomial Lagrange
interpolation on d-simplices.

3. A REPRESENTATION FORMULA FOR B, ,

The projector T, ..., of tensor product interpolation has a simple
representation (1.12). It is the purpose of this section to derive an expression
of B, , in terms of the projectors T,,...m, For this reason we shall prove
some lemmas for arbitrary projectors in the Boolean algebra P”.

First we recall that a sequence (Q)); ¢, is a chain iff

Qj< Qj+l (QjEIP";jEIN).

LEMMA 1. Suppose that (Q}),en» (Q7)icn are chains in P”. Put

Q.= @ QiQj (reEN). (3.1)

i+j=r

Then (Q,.,),cw is also a chain in P"; moreover

Q.= 2 Qi0i— Y 00 (3.2)

i+j=r i+ji=r—1

(Empty sums and empty Boolean sums are O by definition.)
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Proof. It follows from the lattice-theoretical construction of Q, ,, @, ,
that

Q11,0 =sup{Q; 01, 0; 103> 02071, 0107}
>sup{Q; 01, 0,03, 01071}
>sup{Q; 1Q1,0; 203, 0107}

Q..

Next we have

0,,=(0;_,01® - @00} _,)® 01 0},
=010, — 0107 (Q;_, Q1@ ®Q;0!_,)
+0! . 0i® - @007,
=010/ ,— 010, ,+0,,01® - ®QIQ} ,® Q0!
=010/ 1 — 0107, +0:07 ,~0;07 ,+ 0, ,01® - ® Q0]

r—1 r—-2

=2 00+ 00 s

s=1 s=1

This completes the proof of Lemma 1.
For the following it is useful to introduce the “ordinary” sum operators

C ,= Y L ...0¢

rd = 2 i iy
4 tig=r
(Q*EP”, i€ N; u=1,..d). (3.3)

Note that
C,q=0 r<d—1).

Our next objective is to extend Lemma 1.

LEMMA 2. Suppose that

©@Dien  (w=1..4d

are chains in P". Put

Qo= @ 0,--0Qf (rEN). (3.4)

iyt tig=r

Then (Q, ,),en IS also a chain in P".
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Furthermore, the formula

da—1 ) d—l . . 4
Qr.d= Z (“Uj< . ) }_, Qi,"' iy
j=0 J P4 tig=r-g
a-1 ad—1
=3 (—1)’( . )C,_,,d (3.5)
j=0 J

is true.
Progf. First we have

r—1 Ja-1=1  j3—1jy—1

Qr,d= @ @ @ @ lelezZ—jl : Qld 1—Jd- ZQ‘:“jd—l

Ja1=d—1 jg—2=d-2 j,=2 j1=1

r—1
j— ! d
-9 (@ ai-orl)ets
j it tigg=J

i.e., we have

Qrd"@Q]d lQr j @ Qld IQ (36)

itj=r

In view of Lemma 1 and (3.6) it follows by induction that (Q, ),y is 2
chain in P”.
Moreover, formula (3.2) yields (Q; ,_,=0 (j<d—2))

r—1 r-2

Qr.d= Z Qj,d—lQ:i—j'_ 2 Qj.d—lQ:'{-l—f' 3.7)

j=d—1 j=d-1

Again we apply induction on d and we obtain (see (3.3))

Qra= ril ((d-i—l (—1) ((d— :)~ : ) CJ—::d—l) 07,

j=d-1 i=0
=1 pd-l-l A d—1)—1
— 2 ( 3=y (( ; ) Cj—i,d—l) Q71
j=d-1 i=0
d~1)— d__ 1) — 1 r—1
= Y (—1)' (( ) ) > Clian Q7
i=0 d j=d-1
NI CE VT S
— }_, -1 ( ; ) V Cira- 1Qg—|—j
i=0 jEd-
(d-H-1 f(d-1)—1
= z (_l)l <( l) )Cr-i,d
i-0

~ (d-}f"l 1) ((d_ ;)a 1 ) Criia

i=0
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(d-1-1

_Z -1y ((d_ :)— 1 ) Cooia

It
=]

1

- X (- ((d',;i),_l ) € v

(d—1)—1

n gl (ﬁl)k<((d—11()—1)+((d;i)l—1))Cr_k‘d
+ (=D

d—1 _
= Z (—l)k (d k : ) Cr—k.d

k=0
which completes the proof of Lemma 2.

THEOREM 1.

The projector of d-variate Boolean interpolation, B, ,,
possesses the following representation:

Bq,d= @ T’"l"'md
M4 +mg=q
d—1
fd—1
=3 (—1)’< . ) ) Toooony (3.8)
j=o J Myt tng=q—j

Proof. Since (P})iey (u=1l,..,d) are chains in P” and T,

Py ... P% an application of Lemma 2 yields (3.8). o
For d =2 we have

. s (3.9)
iti=g i+y=g-1
for d =3 we obtain

ke (3.10)
i+j+k=q-2

107
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4, FUNDAMENTAL FUNCTIONS OF d-VARIATE BOOLEAN INTERPOLATION
In this section we shall apply the representation formula of B, , to give an

explicit expression for the fundamental functions (or cardinal functions) of d-
variate Boolean interpolation. We define

Fio = Be a5t e i h
(Ju=loa,m)u=1...,dsm + - +my=q). 4.1

It follows from Proposition 1 and the properties of f 7,;: ! (u=1,.,d) that

the functions F;", e satisfy the cardinality relations

)
((,=1.,a,m)su=1,..,dsm+---+my=gq;
Jo=LlLewan,), v=1,..,d; n+--+n,=q). (4.2)

Fj.- - -jd(xi,.l""’ xi,,.d) = 6!’1-11  Oiyg

Furthermore, Proposition 2 yields
F{ ..., € span{x} ... xi
k,=0,..,a,m)—1; u=1l..,.dsm + - +my;=q}
(J,=Lesa,n)sv=1.,dsn + - +n,=4q) 4.3)

It follows from (4.2), (4.3) that

{F} .., 0= Lesa(n);v=Le,din + - +n,=gq}
is a basis of Im(B,, ,), the dual basis of the functionals
L. -i,,(f) = f(X;, 100 xid.d)
(,= Le,a,m);u=1,.,dim+--+my=gq) (4.4)

with respect to the sbuspace Im(B, ;). Thus we can expand the Boolean
interpolant B, ,(f) of fin terms of the functions F] .. ; :

ProrosiTioN 3. Put a,0):=0 (u=1,...d). Then we have for any
SEC(D)

q r—1 S3—1 §5—1
B N=Y ¥ RIEDY
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a(sy)
P
ky=ay(s;—D+1

az(sz—Sl)

/

-
ky=ax(s;—s;—D+1

agfr—sq_y)

Z Sk, 1 xk,,.d)F“;’(,...k,,- (4.5)

kg=agr—sg_1—1)+1
Our next objective is to derive an explicit expression for the fundamental
functions F} ..., in terms of the fundamental functions of tensorproduct
interpolation:
Sika=la e g
(k,=l,..,a,0n,); u=1,.,4d). (4.6)

THEOREM 2. Assume that

a,(m,—1)<k,<a,(m,) (u=1,..,4d). 4.7
Then we have

d—1 . d—l .
Foa=Y (7)) S . @)
g+

i=o J s +rg=q—j
My g, .. mag<ng
d—1 d—l
= N (=Y
DI G S I
j=o J
g—j—my
v
pa
Sg_1=mg_+ - +m
Sd—1—Mg—1
Y
A
Sqg-2=Mg_y+ - tm
S3—mj3
pa
Sz=M2+ml
S2—my
5y S350, ., f3d-178d-2 £9—J— 54
Y SRR e (4.9)

Syp=m,
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Progf. Using Theorem 1 and (1.12) we obtain
Fi = Beafi it flgd™)

d—1 d—1 d
SPONCHE i I S S O 1 e

j=0 e tng=q—J u=1
d-—1 . d—l
=S () S A S
j=0 .] nt+esetng=q—J
nPmy, ... ngpmy
whence (4.8) follows.
We define s,,..., 5;,_; by
nl =51

From (4.7) it follows that

~3
n
(8!
L
~

d-1
o fd—1
( ) > Sty fiy
Ryt

s ng=q—j
nmpmy.. Hgpmy

Sgo1=d~1
Mmg&q—Jj =S4y
Sg_1—1
g
Sg_y=d~12
my 1 KSd—1~54-2
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s3—1
L
52=2
my<s;—5,
sp—1

52—51,,, Sd_1—Sq-2 £4—J—S4_)
V fkl, Ky d=1J kgd

S=1
my€<sy

d—1 l
j= 0 .1
q—Jj—mgq
-
Sg-1=mMg_y+ - +my
Sd-1 =My

i
Sq_1=mMmg_y+ -+ +m,

S3—my

e
Sp=my+m
S2—m
v S2—S1,, Sdl-‘dz OJSdl
S S e S
Sl—ml

which completes the proof of Theorem 2.
We conclude this section by considering cardinal polynomial Lagrange
interpolation on d-simplices (see (2.5)-(2.7)). In view of (4.5) we have

q r—1

Bq,d(f) = 2 Z

r=d sg_;=d-1

5;—1 §,—1
Z z f(snsz_sl""9r"'sd—l)F‘sl,.sz—sl.....r—-sd‘,' (4-10)
5;=2 5;=1

We define
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and we obtain a more geometric formula for B, ,(f):

B, f)= Y SOy mg) Fo e (4.11)
d{m+---+my<q
1<my...., 1 my

The fundamental functions are obtained from (4.8), (4.9):

d-1
% d—1
Fi = N (1) ( _ ) N mng
Jj=0 J R+ tng=gq—y
m<ng,..., mg<ng
d-1 em
5 c(d—1 =L M
=Yy (f) T
j=0 J Sg-1=Mg_ 1+ +my

Sy~my  S3—Mmy
YV N s 525 q—J—Sd-1

—_ —_ myJ my2 S mgd (412)

Sy=my+my sy=my

5. A TRIVARIATE EXAMPLE

To illustrate the method of Boolean interpolation we construct a trivariate
“serendipity” family of even degree (see also [3, 9]). The points x; , ( EN,
u=1,2,3) are chosen as follows:

X =1
x2.u e +1,
Xy, =0,

Xe,=1-271,
Xg,=—1+274
Xe.u ™ 1 —2_2’

X, =—1+2772.,

i.e., we have

(keEN, k2>2), u=1,2,3. (5.1



BOOLEAN INTERPOLATION 113

The functions a, are defined as follows:

au(1)=2’
a,(2)=3.
a,(m)y=2m-—1 (meN, m>3)

(u=1,2,3). (5.2)

We consider the interpolation scheme induced by B, ; in greater detail. The
nodal configuration of B, ; is presented in Fig. 1. We use Theorem 2 to
compute the fundamental functions for the typical points Z,, Z,, Z;, Z, of
the trivariate Scott-element. Note that this element has no interior points.

Z,= (X115 X120 Xy 3)
Fi.l.l =f:,1f:.2fi,3
S ARVARE ARV AR WA
+ (Sl T+ S 1)1
S VARVARYARE L VARV ARE W EARVARI NAW).
S ARVARVARE

L ]

N

p

Za

Y
™
I

Fig. . Trivariate Scott-element.

640/34/2-2
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Zy= (X315 X125 X, 3)

Fg,l.l =f§,1f i.zf%.s

+ (fgxffz +f;1f}2)f113
=2f3 1S
Zy= (X315 X125 X33)
Fg.l,l! :fg.lfll.ZfJZ.J'
Zy= (x5, X125 X, 3)
Fg,l,l =fg.1f:,zf:,3~

Finally we note that the invariance set of B, , is given by

Im(Bs‘s): [Df,l.d + nj3.2.2 + [Df.“
+Pl2+Pia
+Piia-

Therefore, Im(B; ;) contains the space of complete trivariate polynomials of
total degree < 4:

Im(B; ;) > P, 5.

REFERENCES

1. E. W. CHENEY AND W. J. GORDON, Bivariate and multivariate interpolation with noncom-
mutative projectors, in “Linear Spaces and Approximation” (P. L. Butzer and B. Sz. Nagy,
Eds.), pp. 381-387, ISNM 40, 1977.

2. F.-.J. DELvos AND H. PosDORF, Boolesche zweidimensionale Lagrange Interpolation,
Computing 22 (1979), 311-323.

3. F.-J. DELvos AND H. PosDorf, Reduced trivariate Hermite interpolation, in “The
Mathematics of Finite Elements III, MAFELAP 1978 (J. R. Whiteman, Eds.), pp. 77-82,
Academic Press, New York, 1979.

4. F.-J. DELvOs AND H. POSDORF, On abstract Boolean interpolation, in “Approximation
Theory III” (E. W. Cheney, Ed.), Academic Press, New York, in press.

5. F.-J. DELvos AND H. PosSDORF, Generalized Bierman interpolation, Resultate Math. in
press.

6. W. J. GORDON, Distributive lattices and the approximation of multivariate functions, in
 Approximation Theory with Special Emphasis on Spline Functions” (I.J. Schoenberg,
Ed.), pp. 223-277, Academic Press, New York, 1969.

7. W. J. GorDON AND C. A. HALL, Transfinite element methods: Blending function methods
over arbitrary curved element domains, Numer. Math. 21 (1973), 109-129.

8. P. LANCASTER AND D. S. WaTKINS, Some families of finite elements, J. Inst. Math. Appl.
19 (1977), 385-397.

9. 0. C. ZieNkiEwICz, “The Finite Element Method in Engineering Science,” McGraw-Hill,
New York, 1971.



